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Abstract—Theoretical results from the field of suspension rheology are studied in the general
context of nonlinear continuum mechanics, in order to extract information regarding the formulation
of a phenomenological stress relation to mode! non-Newtonian fluids. The constitutive equations
obtained for dilute suspensions of solid ellipsoids, elastic spheres and liquid droplets are shown to
conform to a single phenomenological model first proposed by Hand, which emerges as an equation
with considerable physical basis and potential usefuiness. Furthermore, in all of the above three
cases, certain cocfficients in Hand’s equation are found to retain the same sign. This result may
apply more generally and possibly have some interesting implications.

INTRODUCTION

The frequent occurrence of particulate systems in nature and in industrial processes
makes it very desirable to achieve a good understanding of their flow properties and rheology,
since such a knowledge can have important implications in various branches of engineering.
In addition to this pragmatic aspect though, the study of suspensions is of considerable
theoretical value. First of all, from a purely academic point of view, it gives rise to some
fundamental fluid mechanical problems, many of which have remained unsolved. Another
facet of the subject concerns certain non-Newtonian properties of flowing suspensions,
such as a strain-rate dependent viscosity, normal stress effects and relaxation effects, which
arise even when the disperse phase is very dilute. This remarkable behavior of particulate
systems was recognized by numerous authors, e.g. Jeffery (1922) for solid ellipsoids,
Batchelor (1970b) for slender solid particles, Lin, Peery & Schowalter (1970) for solid
spheres under the influence of small but non-zero inertia forces, Oldroyd (1953, 1958)
for liquid droplets, and Goddard & Miller (1967) and Roscoe (1967) for elastic spheres.
All the studies mentioned above dealt with cases in which the length scale of the motion
is much larger than the dimensions of the particles, so that the suspension can be effectively
considered as a continuum with bulk properties that are ensemble averages of the corres-
ponding local quantities. Under these conditions then it is possible in principle, after obtain-
ing the detailed flow field around each particle, to derive without any further assumptions
an exact analytical rheological equation of state, which contains no adjustable parameters
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and in which the functional relation between the stress and all the relevant physical quan-
tities is shown explicitly.

One of the drawbacks of this approach, 1o be termed suspension rheology, results from
the fact that the analysis must be repeated for each particular suspension of interest.
Evidently this is a serious inconvenience, because the microscopic problem is in general
very difficult or even impossible to solve. However, since many suspensions as well as
many non-Newtonian fluids do exhibit the same peculiar properties, one is led to believe
{or hope) that their rheological behavior could be described by a general constitutive
equation which would represent a large class of non-Newtonian continua.

A number of such general stress—strain relations have already been derived from purely
phenomenological considerations, and familiar examples include, to name but a few, the
Reiner-Rivlin equation, the Rivlin—Ericksen (1955) equation, Oldroyd’s (1950) equations,
and the equations for anisotropic fluids developed by Ericksen (1960a, b) and by Hand
(1962). However, since these relationships are often obtained in a purely formal way, they
are of rather limited usefulness from the practical point of view in that, because of their
generality, they often contain a large number of unknown coefficients which cannot be
determined using the presently available experimental techniques. Besides, since their
derivation does not usually take into consideration the physical properties or the structure
of the fluid, it is almost impossible to decide a priori which one, if any, of the existing
phenomenological equations will apply for a given material.

Although, to date, there has been little interaction between suspension rheology and
phenomenological theories, it is our belief that a great deal of information could be gained
by considering concurrently the two approaches. Specifically, a comparison between the
available phenomenological equations and the constitutive relations obtained for dilute
suspensions of solid or deformable particles, could determine which, among the former
are physically realistic, and can yield information regarding the physical significance of
some of the phenomenological coefficients. Conversely, once this classification of the
phenomenological equations is established, this new knowledge could be used to postulate
a priori the form of the constitutive relation of a given suspension, and thus either to simplify
the derivation of the stress—strain relation or to generalize the latter if it is known only for
a particular case.

From those considerations, it is clear then that suspension rheology can play a central
role in the formulation of a general phenomenological constitutive equation, and hence
it is important that the subject be studied further. Indeed, a start in this direction has
already been made by Gordon & Schowalter (1972). Here, we shall focus on one aspect
of this topic, specifically the comparison between certain phenomenological equations
and the actual stress—strain relations describing various suspensions, and shall show that
the expression for the bulk stress of dilute suspensions of solid ellipsoids, elastic spheres
or liquid droplets conforms to only one phenomenological constitutive relation, the one
first proposed by Hand (1962), which thus emerges as an equation with considerable
physical basis and potential usefulness. We further illustrate this comparison by proposing
an extension to general shear flows, the constitutive equation obtained in the case of a
simple shear flow, by Lin, Peery & Schowalter (1970) for a dilute suspension of solid
spheres, under the influence of small but non-zero inertia forces.
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PHENOMENOLOGICAL CONSTITUTIVE EQUATIONS FOR NON-NEWTONIAN
FLUIDS

As was mentioned briefly in the Introduction, a large number of phenomenological
constitutive equations has already been proposed which, it was hoped, could adequately
describe the rheological behavior of non-Newtonian fluids. Of these the earliest was
obtained by forming the most general relationship between the stress and the rate of
strain when the former is assumed to depend only on the latter at time ¢, and gave rise to
the Reiner—Rivlin (or Stokesian) fluid. Another model was proposed by Oldroyd (1950)
which included time effects and resulted in the constitutive equation

(1 + A(D/DV)P;; — 2k(euPy; + Pyew) = 2n(1 + u(2/D1)e;; — 8nveye, ;. (1]

where the Cartesian tensor notation is adopted, P;; is the stress tensor, ¢;; is the rate of
strain tensor, and A, x, u, n and v are constants characteristic of the material. Also, 2/t
denotes the Jaumann derivative, defined for an arbitrary tensor T;;, by:

2 T,-, 0T; oT;
— =ty

ot o a_l + toyleynT, mi t Ejim L),

where u; and w; are, respectively, the local velocity and vorticity of the fluid.

A more general theory was also proposed by Rivlin & Ericksen (1955), who postulated
that the stress could be represented as a polynomial function of the rate of strain and its
first N co-rotational (or Jaumann) derivatives, thereby yielding

De;; De, 2 De, De;;

P” = do(su + 046 + Oy—— Pt + a3Sd(e"eu) + a4Sd(e” @tj) + o 2 2J + (’97;7;
De,, De,,, De,, Dey De

+ a,5d (eue,,,,—g—tj) + “sSd(ea“‘g—:' Pt j) %oSd @tu gtzu) (2]

where the symbol S4 refers to the symmetric and traceless part of the indicated tensor,
and the coefficients a,, . . ., ay are arbitrary functions of the simultaneous scalar invariants
of the matrices corresponding to e;;, Pe,;/Pt,... DVe;;/Pt" and their products.

A difficulty, inherent in those theories, lies in the arbitrariness of the form selected for
the constitutive equation and its apparent lack of physical justification. Furthermore,
the proposed relationships are generally either algebraically simple but inaccurate when
applied to real physical systems (e¢.g. the Reiner—Rivlin equation), or, if more complex,
they contain a large number of unknown coefficients which cannot be uniquely determined
with the present experimental techniques (e.g. the Rivlin—Ericksen equation).

In contrast, the theory of anisotropic fluids, first presented by Ericksen (1960a, b) has
the advantage of taking into account the microscopic structure of the continuum. Indeed,
a basic assumption is that the fluid is characterized at each point by a single preferred
direction n; and that the stress depends not only on the velocity gradient du,/dx; but also on
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the local anisotropy. Consequently,
Pij = —péll + -f;l (nk B (A"uk/axl).

where f;; is an arbitrary function, symmetric in i and j, and p is an isotropic pressure term
defined up to an additive constant in view of the assumed incompressibility of the fluid.
The vector n; is then supposed to satisfy a differential equation of the type:

hi = g"(nk, 6uk/(:x').

where the dot denotes the co-rotational derivative.

By supposing that the functions f;; and g; are polynomials, and by applying the principle
of material frame indifference. Ericksen (1960b) then obtained two closed-form expressions
for the stress and for n;, which, with the further restriction of a linear dependence on the
rate of strain, become:

Py = —pd; + 2ue; + (Uy + waepmnny)nn; + 2usle,nn; + eynn,). (3]
with DnjPt = rleyn; — e,,nn,n), [4)

where 4 and the y's are material constants. Evidently, since in the above the vector n; is
undistinguishable from —n;, (3) and (4) seem particularly well suited for describing the
stress of a dilute suspension of particles of revolution having a fore-and-aft symmetry.

As shown by Hand (1962), Ericksen’s theory can easily be ¢éxtended by assuming that the
structure of the fluid is characterized at each point by a symmetric second-order tensor,
A;;. Thus. a reasoning identical to Ericksen’s (1960b) leads to:

P, = Bobi; + Brei; + B2Sd(A;) + B3SdleyA,)) + BSd(A,A,;) + BsSdleye))
+ BeSd(eyAinAm)) + B-Sd(eyeimAmj) + BeSdle emAnyA,)), (5]

) DA
with “@'t—J = Y90;; + V1€ + 725d(A4;;) + 738d(ey ;) + 7.5d(4,A,5) + 7sSd(eye))

+ 765d(€AimAm)) + 725d(€y81Am;) + V3Sd(€1€1mAmpA ) (6]
where the f’s and ;’s are functions of the complete set of scalar invariants:
Aire ApmAmis AimAmpApts €mCims> CimCmp€pts CimAtms €immpA pts CimAmpApts CimempA pgAyi- N
Furtﬁermore, if the stress is assumed to be linear in ¢;;, [5] simplifies to:
P, =(0g + 0101mAm + 020140, Ap)0i5 + (03 + 0481 Apm + Os€An,A,)Sd(A;))
+ gge;; + 0,8d{e A;;) + 04Sd(eyA;nAn))
+ (69 + Gr0€mAm + 01 €mAmpA)Sd(AyA;)), (8]

where the ¢’s are now functions only of the first three terms of [7]. Similarly, when 24, /2t
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is also linear in ¢;;. [6] becomes:

ZA;Gt = (0 + 0,6mA 1, + Or0AnmpAn)0i; + (85 + 04e1,Am + 0561, An,A,)5d(A;))

J(
+ (0 + 01 0€imAm + 01 1€1mAmpA)Sd(AA,)). (9]

It is obvious that [8] and [9] reduce, respectively, to [3] and [4] if the tensor A,; is replaced
by nn;.

The great advantage of this theory over most of the other phenomenological models
lies in the fact that, in principle, it allows one to decide a priori whether or not such equations
could adequately describe a given fluid of known physical properties. For example, it 1s
evident that the constitutive equation of a dilute suspension of solid ellipsoids in the absence
of Brownian motion should be expected to have the general form [5]. Of course, the
restriction to an ellipsoidal anisotropy limits the applicability of Hand’s relations to a
special class of fluids, but this is hardly a fundamental difficulty since the theory can easily
be extended by including higher-order tensors in the description of the microstructure of
the material. Although the resulting equations become then more complicated and more
difficult to handle, such a generalization will be seen to arise naturally in the case of dilute
emulsions.

Let us consider at this point to what extent the fluids described by the various phenomeno-
logical equations mentioned above can be incorporated within the framework of Noll's
theory. According to Coleman, Markovitz & Noll (1966) the stress of a “simple fluid”
depends, at any instant ¢, only on the density p, and on the past history of motion U, i.e.

Py(t) = —pdy + f; [Unmit = s\ p(0)], [10]
s=0

where f;; is an isotropic, tensor-valued tensor functional. It is clear that Oldroyd’s and
Rivlin—Ericksen equations conform to this model and that, consequently, the materials
they represent are simple fluids. However, such a conclusion cannot be drawn quite so
readily for an anisotropic fluid, and a bit of analysis is required. We note first of all that
Hand’s relations can be expressed as

Pij = ——péij + fij(elma Alm), [11]
and @A,’j/@t = gij(e‘m, A‘m), [12]

and consider the case where the fluid, at rest until a time ¢t = 1, is subjected to a straining
(0)
motion ¢;;(t) for t > t,. Denoting by A;{X) the anisotropy of the fluid at rest (e.g. the value

of 4;; at t = 1) due to particle X. we have for an incompressible substance that

© (0)
Aij(X’ I) = GU [elm (Xst - S), Alm(X) }’
s=0
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and therefore. because of [11], that

8

(0)
Pij = péij + f-} {elmv Glm[epq (X,t —=5s), qu(X) :l}

s=0
0 (0)
s=0

From a comparison of (10) and (13), it then follows that the fluids modeled by Hand’s

relations are not, in general “simple fluids”. However, if the anisotropy arises from the
(0)
motion only, i.e. if the fluid is isotropic at rest, then the tensor A,, becomes independent

of position and equals J,, or 0, depending on whether it measures the local anisotropy or
the local deviation from isotropy. Consequently, in this instance, [13] reduces to [10],

It is clear, then. that suspensions of particles which are isotropic in a stress-free state,
such as liquid droplets or elastic spheres, will be “pseudo-anisotropic fluids” and, hence, it
should be possible to describe them with a constitutive equation similar to [10], provided
a solution to the differential equation [12] can be obtained.

In the following sections, the rheology of several types of dilute suspensions will be
studied and compared to some phenomenological theories. In all cases, the suspending
medium will be taken as an incompressible Newtonian fluid of viscosity u,, and the
disperse phase will be assumed sufficiently dilute for interactions between particles to be
negligible. Inertia effects will be neglected except in one instance, where these will be given
special consideration. The volume concentration of particles will be denoted by ¢ which,
in our case, will be small compared with unity.

SUSPENSIONS OF DEFORMABLE PARTICLES
(a) Liquid droplets

The rheology of a dilute emulsion of two incompressible Newtonian liquids has been
studied by many authors, for example by Schowalter, Chaffey & Brenner (1968) and by
Frankel & Acrivos (1970). As illustrated by Frankel & Acrivos (1970), in cases where the
deformation of the drops is small, a regular perturbation solution to the appropriate
Stokes equations can be obtained for flow past a freely suspended drop, from which an
expression for the bulk stress of the emulsion, as defined by Batchelor (1970a), foilows
readily. Two physical parameters of the suspension are of importance in this analysis:
the ratio, 4. of the droplet viscosity to that of the ambient fluid, and the non-dimensional
surface tension factor, k, defined as o/u,Ga, where ¢ is the surface tension of the drop, g,
is the ambient viscosity, G is the magnitude of the shear flow, and a is the equivalent radius
of the drop.

The constitutive relations can be derived for two limiting cases where the drop is kept
nearly spherical on account either of its large surface tension (k » 1, 1 = O(1)) or its high
viscosity (A » 1, k = O(1)). The results for the first case will now be examined.

By extending the earlier analysis of Frankel & Acrivos (1970) to higher orders in the
drop deformation, Barthés—Biesel (1972) has shown that the bulk stress of a dilute emulsion
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is given by:
10(4 - 1) + 24(4 — D*(6114 + 579)
2443 49(24 + 3)°
+ [ 24 " 240(4 — 1)*(1214 + 159)
2i+3 4922 + 3)°
288(59124% + 487794% + 749314 + 29628)
245(24 + 3)%(194 + 16)

+ 360(;. — 1)* 288(4 — 6)
7(24 + 3?2 724 + 3)?
720(2 — 1)%(794 + 96) 800(4 — 1)?

49021 + 3)° (24 + 37

240(1030204% + 48109243 + 4339594% + 5496404 + 136576)
(24 + 3)%(194 + 16)(174 + 16)(104 = 11)

P;j = — pd;; + 2uee;; + pop {I: ﬁthszm] €

BZFlmelm

BZFlmFlm:! Fij

ﬂSd(Filelj) + BSA(F,F )

ﬁZSd(e,-,F,,,,F,,,j) - ﬁzFiﬁmelm

ABZFiﬂmFlm
+ 0(Gk‘3)}« [14]

where B = 1/Gk. F;; and F;,, are symmetric tensors describing the shape of the drop the
equation of which, in a coordinate system moving with the center of a particle, is:

6
= (xx)? =1+ 3/3F,,% + B | =3 FinFin + 105F e

D1~

XX mXpX. -
3 ') + O(Gk™).

These tensors are determined by the two differential equations

22 + 3)(194 + 16) A 2F,
F, +( J(194 + )ﬂ j
404 + 1) Dt

_ [19/1 + 16 (111722% + 183364° + 1744042 + 34991 — 7572) BF, F j'
- 244+ 1) 980(24 + 3)2(,1 +1) imf 1m | €1j

[(/1 — 1)(223444% + 527682 + 455324 + 19356)
98024 + 3)2( + 1) tmEtm

+ 6C7(1)FlmFlm ]ﬂzF
245224 + 32 (194 + 6)*(104 + 11)(174 + 16)(4 + 1) i
(44 — 9)(194 + 16) 36(13743 + 62442 + 7414 + 248)
BSd(e,Fy;) +
28(24 + 3)(A + 1) 35(24 + 3)(194 + 16){(A + 1)

6(4 — 1)(279323 + 79614% + 84744 + 3522)
24524 + 32 (A + 1)

BSA(FuF.))

ﬁzSd(eilFlmij)

L 4
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10432+ 79 + 53)BZF . 2CS(ABF jimF im
_—— —————— e P e
324+ A+ D HlmEIm T (24 4 3)(194 + 16)(104 + 11174 + 16)(4 + 1)
+ 0(Gk™3), [15]
(174 + 16)(104 + 11) _DF,, (174 + 16)(104 + 1)
d F.., + 2= Sd,(e;.F
an ijah 3600: + 1) Gt " 35200 % Dioa =y dedenfa)

N 2(—144% + 2214 + 192)
945(24 + 3)(194 + 16)

where ColA) = 21279764  — 163419204° — 384949644° + 1229425514*
+ 4740683114% + 59151568042 + 3321231364 + 71700480,
and  Cs(4) = 4052604° + 23669604* + 91421734% + 859596742 + 33341604 + 693760.

Sdy(F;F ) + O(GKk™ 1), (16]

It is apparent now by inspection that the expressions given above bear a striking similarity
to Hand's equations provided 4;; is identified with F,;. The appearance of higher-order
tensors (1.e. of order higher than 2) is then due to the fact that the droplet does not remain
ellipsoidal but instead, assumes a more complex shape. Still, [14], [15] and [16] clearly
represent a possible extension of Hand’s theory to include more general types of micro-
scopic anisotropies.

It is important to note also that the physical analysis applied to the rheology of a dilute
emulsion does yield two different sets of equations, as predicted by Hand: one expression
relating the stress to the rate of strain and to a measure of the local anisotropy, and a set of
differential equations describing the variation of the anisotropy as a function of time and
of the rate of strain. Furthermore, all the terms appearing in Hand’s phenomenological
relations arise naturally from the analytical solution to the flow problem as already dis-
cussed by Frankel & Acrivos (1970).

Next, the unknown coefficients of [8] and [9] can easily be related to the physical para-
meters of the suspension. Thus. for the stress equation, the values of the ¢'s, to O(Gk ™ ?), are:

g0 = —P- g, =0, =0,
24 288(591243 + 48779i% + 74941 + 29628) oy )]
el Pypne 24527 + 3)°(19/ + 16) tmAim
24004 — 1214 + 159)
74 = 29(2; + 37 Ftoo. 05 =0,
S(i— 1) 1200 — D¥6114 + 579) ]}
=2 AA,) |5
360(4 — 1)? 8 72004 — D*(794 + 96)B2
= ———————— N Oqg = — - .
%= T2 1 3 P s 49(2; + 3 Ho?
288(i — 6
09 = ) @. 6in=0y =0. (7]

= 725 5 32 o
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In addition. since the differential equation for F; is, in this case, also linear in the rate of
strain, a comparison between [9] and [15] yields the following expressions, to order (Gk ~2),
for the coefficients 6:

0, =0,=80,=0,
___ WG+ g 48C (1) (AimAim) p
727 + 3)(194 + 16) 49(22 + 3)3(194 + 16)3(104 + 11)(174 + 16)~
o - 204 — 1)(2234443 + 5276842 + 455324 + 19356) — 0
‘- 49(2; + 3)%(194 + 16) ’ 5T
5 _, 2(111722% + 1833643 + 174404% + 34991 — 7572)
0 = ——— - ' 5 B(AimAim),
322 + 3) 49(24 + 3)%(194 + 16)
1044 - 9) _48(4 — 1)(27932% + 796142 + 84744 + 3522)
7T 924 + 3)? 8- 49024 + 3)3(194 + 16) ’
288(13743 + 62442 + 7414 + 248)
b = 610 =0,;, =0. (18]

7024 + 3)*(194 + 16)*

Similarly, for the case of highly viscous drops, the same procedure as above yields up to
order (G4~ ?) that:

6o = —D, 6y, =0, =05 =09 =0,9=0;, =0,
a3 =—1;2‘2uo¢, A =37i;—()2‘2udp,

Ge = Mo {2 + w[S - 325-/1" + 472 ? + %A,MA,MH}’

o, = (2791" - 3—752&"2);1040, 6y = — 7‘1—;91’2#0 ,

90=91=92=95=99=910=911=Oa

20
6, = — —(BA)"Y, = —61"1,
3 19(/3) 04

5 5. _ - 10, _
06:6—21 1—32 ZA‘mAlm, 97=71 1,

8, = 184 1.

Although conforming to Hand’s equations, a dilute emulsion is in fact a “pseudo-
anisotropic” fluid, since its anisotropy is developed only as a consequence of the motion,
and hence its constitutive equation should reduce to that of a simple fluid. Specifically,
for weakly time-dependent flows, i.e. such at §(2/921) is O(B), [15] and [16] can be solved by
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a method of successive approximations which yields:

194 + 16 {e |:60L12 + 8934 + 256 Sd (24 + 3)(194 + 16) De;;
i = S T 6 : €uey) — ; —
T 24+ )Y 140(4 + 1) F 4004 + 1) Pt
. g [(19@ + 16/%(24 + 3)* D¢,
1600(1 + 1)2 9¢?
3(194 + 16)(147643 + 483742 + 46734 + 1264) ( ge,,.)

5600(4 + 1)? eugt-
P4(4)
+ . 4p3
(24 + 3)(174 + 16)(104 + 11)(4 + 1)* €ij (e!melm):]} + 0(G*8?),
7514 + 656

and Sd,le;jeq) + 0(G*p).

2 = S44320(4 + 1)2

Then the constitutive equation becomes:

SA+2 (194 + 16)R,(1)B? ]}

P.= — pd,, + 2une;: {1
i TP “°e”{ Te [2(1 T T 20+ (17 + 16)(104 + DG + 1) e

(194 + 16) [ (194 + 16)De,;  3(254% + 414 + 4)
_ ZEij Sd(e.e,:
T 1)2{ > @ i+ (eaes)
§U9 + 16/(1504° + 2U792% + 28974 + 720) (e De,
280(4 + 1)? e
(194 + 16)(24 + 3)9%:,}
il L 0(GHp), 19
TS [19]

where P,(i) = 3103.90847 + 20684.864° + 72725.241° + 123993.984*
+ 103839.1243 + 41745.304% + 7148.424 + 428.53,
and R.(A) = 4222847 + 3208.54% + 9960.914° + 11052.974* + 5115.574°
+ 2848.074% + 1711.664 + 100.86.

It is immediately apparent that [19] is identical to [2], the stress relation given by Rivilin &
Ericksen (1955) in their theory of isotropic fluids.

By neglecting terms of O(B?), Frankel & Acrivos (1970) obtained an expression identical
to [19] and showed that their relation could then be recast in terms of Oldroyd’s con-
stitutive equation, as given by [1]. It is interesting to note, however, that, when the O(8?)
terms are taken into account, such a transformation is no longer feasible owing to the
occurrence of higher-order time derivatives of ¢;; and cross products between e; and its
derivatives.
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(b) Elastic spheres

Goddard & Miller (1967) studied the rheology of a dilute suspension of elastic spheres.
For a Hookean solid, and for small deformations of the particles, they obtained the
constitutive equation:

Pij= —pb;;j+2upe;;+ Suoe {eij —(2D;;/2r) +$Sd(e,,C,j) - %QSd(Ca(QCu/gt)) + O(Gaz)},
[20]

and aiso showed that C;;, the finite strain tensor of the particles, satisfies the differential
equation:

2C;/Pt + (1/1)C;; = 3e;; + 2S8d(e,C;) — 48d(Cy(DC,/D1)) + O(Ge?), [21]

where © = 3u,/2k, with x being the elastic modulus of the particles. Furthermore, since the
above apply only for small deformations, the magnitude of any element of C;; is Ofe),
where ¢ is much smaller than unity and is defined by ¢ = ©G « 1. Without loss of generality,
[21] can be solved by successive approximations to eliminate cross products between C;;
and 9C;;/Pt, and becomes

and hence, the constitutive equation can be recast into:
Pj= —pd;j+2ue(l— 'g-(p)eij + 5o p[(1/7)Cy5+ %Sd(encu) —(4/7%)8d(C;,Cp) + 0(Ge?). [23]

Again, a comparison between Hand’s relations [8] and [9] and those just derived for a dilute
suspension of elastic spheres, shows that the two cases are equivalent if the anisotropy
tensor A;; is identified with the finite strain tensor C;;. To be sure, this result is not surprising
and could have been foreseen. Indeed, it can be shown that when an elastic sphere is
suspended in a homogeneous shear field, the stress system inside the particle is also homo-
geneous so that the sphere deforms into an ellipsoid. Such a suspension assumes therefore
the particular type of anisotropy considered in Hand’s theory, and is naturally described
by [8] and [9].

The unknown coefficients appearing in Hand’s equations can now be readily determined
to O(Ge?) and become

6o = —p (arbitrary pressure term), 63 = 549/, 06 = 2uo(l — 30),
Oy = %?#O‘P’ 09 = —(20/71)#0(Pa 03 = _(I/T)a 06 = %9 67 = —}7Qa 09 = 24/7‘[3
[24]

all other coefficients being zero.

Because of its isotropy at rest, a dilute suspension of elastic spheres is another example
of a pseundo-anisotropic fluid, and thus, its constitutive equation is expected to reduce
to that of a simple fluid. Again then, for weakly time-dependent flows and provided that
7 is small compared with unity, a method of successive approximations will again yield a
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constitutive equation of the type proposed by Rivlin and Ericksen:

Py= =p, + 201+ 30 e, + zs#o(p[— S22 Sheye,) + O(G’rZ)]- 125]
2 39 7
Although the above can also be recast in the form of Oldroyd’s equation, it seems reasonable
to assume, in view of the results obtained for an emulsion, that this transformation would
no longer be feasible if the higher-order terms were included in {25].

It is worthwhile to note the important similarity existing between suspensions of elastic
spheres and liquid droplets, which appears to result from the fact that the surface tension
forces play qualitatively the same role as the elastic forces in resisting any further defor-
mation of the particles comprising the suspension.

SUSPENSIONS OF RIGID PARTICLES
(a) Solid ellipsoids

Starting from Jeffery’s (1922) expressions for the creeping flow field past a solid ellipsoid,
Hand (1961b) derived a constitutive equation for a dilute suspension of such particles
in the absence of Brownian motion which was also obtained by Batchelor (1970a) using a
somewhat more general approach. In Batchelor’s formulation, the bulk stress is defined
as an ensemble average of the local microscopic stresses, over a representatative volume, V,
enclosing N particles, and is expressed as

4ru
Pij = —poi; + 2poe;; + “7‘02 Di;, | (26]

where the summation is taken over all particles in V. Also, D;; represents the contribution
to the stress arising from the presence of the particles, and is easily derived from Jeffery’s
results.

Evidentiy, the theory of anisotropic fluids seems well suited to model such a suspension,
since the local anisotropy due to the particles can easily be represented by a symmetric
second-order tensor (e.g. the tensor of the surface of the ellipsoid). In particular, using
his definition of the bulk properties of the suspension, Hand (1961b) established an exact
correspondence between Ericksen’s equations and those describing the rheology of a dilute
suspension of spheroids, where, in this case, the preferred direction of the fluid can be chosen
to coincide, at every instant, with the axis of revolution of the particles. Hand (1961a)
also showed that his phenomenological equations could model a suspension of arbitrary
ellipsoids, and gave the corresponding values for the coefficients in [8] and [9] when the
anisotropy, 4;;, is the tensor of a particle.

Using Batchelor’s definition of the bulk properties of a suspension of ellipsoids, in the
case where V contains one particle, we shall now give the corresponding expression for
those coefficients in {8] and [9] in a form which clearly brings out their symmetric dependence

on the semi-diameters a. b, ¢ of the ellipsoids. First, an orthonormal system of three unit
(at (&Y (o)
vectors n;, n,, n; directed along the principal axes of one particle is chosen. Next, the tensor
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A;; is defined as

(a)a) (b)b) ©) ()
1 1 1

A= Fninj + = b2 nn; + 3 iy,

in a fixed Cartesian coordinate system., it being understood that 4;; is a function of time,
since the ellipsoids are rotating. Then, by comparing [26] and [8], after replacing D;; by its
value given by Batchelor (1970a), we obtain

Op = — P, 0y =0,=03=09=0,
4

Of = — ZZE[A" S(b c4)2+Blrb8(C4_a4)2+CrrC8(a4_b4)2 +4Arbac4(c4_a4)(a4__b4)
a

+ 4B'a*c*(a* - b (b* — c*) + 4C'a*b*(b* ~ c*)(c* - a%)),

4(abc)uq,p
D

+ C"c®a? + b*)(a? — b?)? + 24'b*c3(c? ~ a®)(a® - bH)(2b%c + c*a® + a*b?)

+ 2B'c*a*(a® - b?)(b® — c*)(2a*c* + c*b? + b%a?)

+ 2C'a?b(b* — c*)(c?* — a*)(2a*b* + b%c? + c*a?),

= 2u, + 8”°¢{A’ 1+ 2a° ] + B’[l + 2% ]
T = “Ho ¥ e @ - @ - b (@ - bY)(b2 — &)

, 2¢*
rolt+ g ||

16uqgp I:A’a‘(b"' — ¢*) + B'b*c* - a*) + C'c¥a* — b‘)]

65 = 0,0 = [A"a%(b? + cH)(b® — c*)* + B"bS(c* + a?)(c® — a*)?

a7=

abc (@* - b?)(b* — cH(c* — a?)
o i6poa [ AaB? - ¢?) + BhHc? — a?) + Cc¥(a® — bz):'
% = ~ 16uoplabe) @ P - =)

6y, = —4(abc)PugpD ™ [A"a*(b* — c?)? + B'b*c? — a*)? + C"c*a® — b?)?
+ 4A'b%c*(c? — a?)(a® — b?) + 4B'c*a¥(a® — b*)(b* ~ ¢?)
+ 4C'azb2(b2 - ¢)(c? - a%)],
where D = (a? — b?)(b? — c?)(c? — a?)[b2c*(b? — ¢?) + c*a®(c* — a?) + a*b¥a® — b¥).

Also, A", B, C'and A", B", C" are related to the integrals «g, 5, o and ap, 85, g, introduced
by Jeffery (1922), by means of 4’ = 1/2(b* + ¢*)ap, with similar expressions for B’ and C,

” "

and A" = ag/(apfo + Poyo + Yodp), With similar expressions for B and C”. Similarly,
from a comparison between Jeffery’s equations of motion of the ellipsoid and [9), it is



14 DOMINIQUE BARTHES-BIESEL and ANDREAS ACRIVOS
possible to show that the various coefficients 6 become:
00=91=92=63=99=0,

2[(a*b? + b2c? + c2a®)? + (abc)*(a® + b? + c?)]

8, =
¢ (@ + bY)(B* + c?)(c? + a?)
6 -0 — 2(abc)*(a*b? + b*c? + c*a?)
ST T T @ + b + A + ad)
_4[(@® + b? + c?)? — (a?b? + b c? + cPa?)] 6 =6
°~ (@ + BB + AP + a?) o
B 8(abc)*(a@® + b* + ¢?) 6 = 2(abc)* .
®T @+ )P + A+ a) T @+ B0 + AN + a)

The algebraic complexity of some of these expressions limits the practical interest of
this result. However, the numerical values of the ¢’s and 6’s were computed for a variety
of shapes and are given in tables 1 and 2. It was found, interestingly enough, that those
coefficients always retained the same sign, as shown in table 3. Their asymptotic behavior
was also investigated for three particular shapes: an almost spherical ellipsoid, a slender
ellipsoid, and a flat and almost circular ellipsoid. In all three cases, the product abc is set
equal to unity which, of course, does not restrict the generality of the results, since this
condition can be satisfied for any ellipsoid after a simple affine transformation. These
asymptotic expansions should be useful in assessing the magnitude of the coefficients
in Hand’s equations for suspensions of arbitrary slender bodies or of disk-like bodies.

Table 1. Values of the coefficients in Hand’s stress equation for a dilute suspension of solid ellipsoids, as a function
of the shape of the particles.

Eccentricity ‘
(1 — b¥/a®)1? (1 = cp3)12 o* G5 O 01 g o, oy a1,
0.2 0.2 8.147 —~2.543 5.256 1.632 ~1.886 0.842
04 8.167 —2.541 5.265 1.631 -1873 0.838
0.6 8.294 —-2.534 5.320 1.622 ~1.805 0.819
0.8 9.121 —2.545 5.673 1.581 ~1.519 0.741
04 0.2 8.164 —2.540 5.262 1.631 -1.873 0.838
04 8.194 —-2.537 5.275 1.628 ~1.853 0.832
0.6 8.349 —-2530 5.342 1.617 -~1.773 0.809
0.8 9.279 —2.546 5.732 1.574 ~1473 0.727
0.6 02 8238 -2.522 5.284 1.621 ~1.807 0.817
04 8.285 -2516 5.301 1.616 ~1.775 0.807
0.6 8.489 —2.506 5.383 1.602 ~1.676 0.778
0.8 9.618 —2.531 5.832 1.552 ~1.358 0.691
0.8 0.2 8.491 -2.421 5.306 1.574 - 1.534 0.723
04 8.558 -2.407 5319 1.565 - 1.489 0.707
0.6 8.845 —2.388 5.410 1.543 ~1.374 0.671

0.8 10.353 —-2.426 5925 1.481 -1.072 0.583
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Table 2. Values of the coefficients in Hand’s anisotropy equation for a dilute suspension of solid ellipsoids, as a
function of the shape of the particles.

Eccentricity
(1 — b3/a?)'? (1 = c?/b*)M? 8, 05 or 8,, 05 6, 6, 01,
0.2 0.2 2.999 ~0.749 —-3.000 6 -~2.998 0.250
04 2994 —0.746 —-3.002 6 —2984 0.248
0.6 2.969 -0.729 -3.005 6 —2.908 0.237
0.8 2891 —0.658 -2958 6 —2.567 0.193
04 0.2 2993 —-0.746 —3.004 6 ~2984 0.248
0.4 2.985 -0.741 —3.008 6 -2962 0.244
0.6 2956 -0.720 -3011 6 -2873 0.232
0.8 2877 —~0.646 —2955 6 -2.511 0.186
0.6 0.2 2.960 -0.727 —3.031 6 —-2915 0237
04 2.946 -0.718 —3.040 6 —2.881 0232
06 2.908 -0.692 —3.048 6 —2.768 0.216
08 2.828 -0.612 —2985 6 ~2378 0.168
08 0.2 2.796 —-0.642 —-3215 6 —2634 0.193
04 2.770 -0.628 —3.243 6 -2.584 0.186
0.6 2717 —0.594 —-3.277 6 —2449 0.168
08 2,637 —-0.513 -3221 6

-2053 0.124

Table 3. Sign of the coefficients in Hand’s equations for a dilute suspension of rigid ellipsoids.

Positive g, g o, 61, R 9, 0,,

Negative o Gy 610 O [P 0 8,0

(i) Almost spherical ellipsoids. Let a> =1+¢ b2 =1, > =(1 +¢)7!, with e« L.
Then, after some lengthy calculations, the asymptotic forms for the ¢’s are found to be:

64 = 8.143[1 + O] oo, 05 = 010 = —2.543[1 + O(Y)] o0,
G6 = 2o + 5255[1 + O()Ho®, 0, = 1.633[1 + O(E2))koo,
o5 = —1.888[1 + O} o0, 0y, = 0.843[1 + O(e*)] no0.

Interestingly enough, the above result shows that several terms in Hand’s equation will
contribute to Einstein’s (1906) formula, namely P;; = —pé;; + 2uq(l + 3¢)e;;, when ¢
goes to zero. As for the coefficients appearing in the differential equation for 4;;, these can
be easily evaluated to yield:

0,,=3+0(2), O5=0,0=—3+0(?), 0=3+0(?), 05=3+0(?), 6;,=3+0(>.

Again, the solid body rotation equation of a sphere will be recovered through the contribu-
tions of several terms in (9).

(i) Slender ellipsoids. One semi-diameter, a, is assumed to be much larger than the
other two, and thus b/a « 1 and ¢/a « 1, corresponding to a > 1. The limiting form of
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the coefficients of the stress equation are then

ad(b? + c?)? , a(b® + c?)
4=10_4a—§#o¢\1+1)» Gs=0y0= ‘TT—‘E#MP(I + )
gb +c 2 Ogb ¥c 2
b+)b*+cd) 4
O = 2#0{1 + ¢W[1 +0@)]p o, = ;#o¢[1 + O(e)],
8o Ho®
= -7 : =
Os PSR cz)[ + 0(e)] 011 ] ia 1+ 0
a Ogb +ec 2
2 _ 2 2 2
where y is O(g), and £ = Ib 3 ¢ l In lb ¢ I
| a® || & |

The coefficients for the second of Hand’s equations can be similarly evaluated:

bz + 232 b 2 2
94 = 2[( (b(; :_ :-2)( C) ][1 + o(al)]a 85 = 910 == ;2'[1 + 0(8’)]’

4 .
b = —_;_—;2‘[1 + 0())],

= 51+ 0

8= a*(b?* + ¢

2
1y = ‘—2"—(__2—)[1 + 0(£)],

a*(b? +

) 1 b+ ¢t
where ¢ = max |—> 3 .
a a

The stress relation for this suspension of slender particles follows readily:

Hopa® {a)a) @@ BB (e
P, = —pd; + 2uee;; + M[e""n'"" + O(Gs)] [%n‘nj — dnn; — dnn; ]
and is identical to that derived by Batchelor (1970b) for the particular case of an extensional
flow. ’

A couple of observations are in order regarding this result. First, the contribution to the
bulk stress due to the inclusions is essentially felt through the terms Sd(4,) and Sd(A4,A4,)).
Furthermore, the particle stress is multiplied by a*/(21n 242 — 3), a factor which can
become quite large, since a was assumed much greater than unity. For the analysis to be
valid, the volume concentration of particles must therefore be very small:p « (2/a%)In 2422
As was pointed out by Batchelor (1970b), this implies that the theory of dilute suspensions
does not really apply to a suspension of slender particles, or, conversely, that the addition
of even a small number of slender particles can exert a profound effect on the bulk stress
of a fluid.

(iii) Disk-like ellipsoids. Let a®> =1 + e/e, b? = 1/e(1 + €), ¢ = & with ¢ « 1 and
e « 1. In this case, a and b are both large and almost equal. The asymptotic forms of the
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c's thus become:

11
04 =#o¢a€_7/2{1 + 1 + 0%},

11 12
05 =610 = —potpas'“ {1 + & [l +x+ H(l + x,)] + 0(e°)}~

8 a2 8 42 2 &
06 = 2Ups 1 +0—e 32| 1 — =¥ 4+ 0@ + O{—] |
3n 14 e
3 3/2
o, =u0<p-7-rs”2 [1 + 0+ 0 (s——):lv
4 e
32

3
0g = —uw;”s’/z [1 +0(e) + 0 (57)]

11 12
61y = o — &2 {1 +y - 268 I:l + x4+ ﬁ(l + x,)] + 0(56)}»

67
61'583/2
where X = 12 (A" + B" - 2C")[1 + 4¢3 + 0(66)],
n83/2
and = A" — B") -1,
H X1 % ( )

Both y and y, are O[max(e, e%'?/e)] at most.
The asymptotic form of the coefficients 8 can be similarly obtained:

6, = e [1 + O3 + O(e?)], 6s = 0,0 = —e[l + O(e) + 0(e?)),
Bs = —6e[1 + O(e®) + O(e?)], 65 = —8e[1 + 0(e¥)), 6,; = 31 + O(®) + 0(e?)).
The constitutive equation of such a suspension is then:

2 (aMa)  (bXD) {e)e)
P = —pd; + 2pee;; + 5;#0‘/’8-3’2{8% + [ mn; + nyn; — 2nin,]

(c) (c) 63/2
, [ezmnm,, + O(Ge)]} [1 +0(e)+ 0 (T):'

From this result, it is seen that the contribution to the stress due to the presence of the
particles, is again of order a*. Furthermore, since the denominator no longer contains a
logarithmic term, as was the case with the corresponding expression for slender ellipsoids,
it would appear that the effect of disk-like ellipsoids would be felt somewhat more strongly
than that of slender ellipsoids of equal length. Again, the above constitutive equation is
quite limited in scope, since it applies to extremely dilute suspensions only. However, it
suggests that the presence of a few disk-like particles can have truly dramatic effects on the
stress of a fluid, in fact, even more so than in the previous case. '
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(b) Solid spheres: the effect of inertia

The rheology of a dilute suspension of rigid spheres was first studied by Einstein (1906)
in the absence of inertial effects and hydrodynamic interactions between particles. Later
analyses showed that the suspension remained Newtonian and that the presence of the
spheres was felt only through an increase in the shear viscosity. Recently, the influence of
inertial forces on the steady-state rheology of such a suspension was examined by Lin,
Peery & Schowalter (1970), who developed a regular perturbation solution to the Navier~
Stokes equations for flow past a freely suspended sphere, when the Reynolds number R
of the motion is small compared with unity, and showed that, as expected, the symmetry
of the flow in the vicinity of a particle is destroyed by the presence of small inertia forces.
Since this last result suggests the formation of a local anistropy, it is conceivable that a
theory of anisotropic fluids, for example, a generalization of Hand’s equations to include
higher-order tensors, could describe the rheology of a dilute suspension of solid spheres,
when R is not zero. Unfortunately. owing to the complexity of the problem, a general study
of the rheology of such a suspension which includes time-dependent effects is presently
not available, and hence the validity of the above hypothesis cannot be directly established.
We shall proceed with this point of view, however, and explore to what extent the results
obtained previously for dilute suspensions of deformable particles, can be used to generalize
the rheological equation developed by Lin et al. Thus, we shall assume that for a general
time-dependent linear shear field, the rheological equation for the suspension of solid
spheres conforms to [8] and [9] with the addition, perhaps, of some higher-order tensors.
Here the non-Newtonian behavior is obviously caused by the inertia forces, so that the
time derivatives appearing in the constitutive equation should be multiplied by some
measure of the inertia effect which, from fluid mechanical considerations, should in ali
likelihood be proportional to an algebraic power of the Reynolds number. Also, since
R is assumed to be small compared with unity, for weakly time-dependent flows the
same treatment used in conjunction with suspensions of elastic spheres and liquid droplets
should be applicable here. The differential equations describing the anisotropy should
then be amenable to solution by successive approximations, thereby reducing the con-
stitutive relation of the suspension of solid spheres to the Rivlin-Ericksen equation.
Evidently, even if this proves to be the case, it will not mean necessarily that a generalized
theory of anisotropic fluids does describe a suspension of solid spheres in the presence of
inertia effects, but rather that there 1s no contradiction between our hypothesis and the
analytical results presently available.

We recall now that Lin, Peery & Schowalter (1970) derived their constitutive equation
for the special case of a steady simple shear flow in the x, direction: u; = Gx,. They
obtained for the bulk stress to O(R>?):

Pyy = —p +po0GR[~% + R"*30B_; — 5B,)l.
Py; = —p +ue@GR[5 + RV (=30B_; = 5By)]. P33 = —p + 10u0@GR*"*B,,
P, = Py, = poll + 29)G + 30u,0GR*?B,, P,;=P;, =Py, =P, =0, [27]

where B_,, B,. B, are numerical constants. The Reynolds number of the motion is based
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upon the particle radius, g, the magnitude of the shear rate G, the viscosity u,, and the
density, p, of the suspending fluid, i.e. R = a*Gp/u,. We shall show now how the above
constitutive relation can be considered as a particular case of the Rivlin—-Ericksen equation,
evaluated for a steady simple shear flow.

Unfortunately, even under these special flow conditions, [2] contains several unknown
coefficients, o, which cannot be determined uniquely from the limited information pro-
vided by [27]. However, since the latter was obtained from a regular perturbation solution,
developed for small values of R, or equivalently of G, some conclusions can be drawn
regarding the order of magnitude of the various a’s. Thus, dividing through {2] by u,G
yields

M = g—.‘.ﬁ + 21% + EE.é.‘Sd(e"eu) + ﬁ_Gl_Sd (e ge’j)
Ko Ho

HoG U G 1 G 2t gt
Gl %l %?ﬁu) oo [28)
Uo G Dt o G Dt Dt

in which every term is dimensionless. Consequently, since Pe;/2Pt, Sd(e,e)), etc. are
proportional to G at least, the «’s must take the following forms:

ay = pofi(R), @y = (4o/G) [2(R), &3 = (o/G) f3(R), 04 = (‘#o/Gz)f-t(R), s = (4o/G*) f5(R),
s = (1o/G?) fe(R), etc.,

where the f,(R)’s represent unknown functions of the Reynolds number. Recalling that the
expression given by Schowalter e al. can be considered as an expansion for small values
of G, we require that, as R — 0, the coefficients of the higher-order terms in G be smaller
than those of lower-order, i.e.

.. [faor fs) . .. [feor f7)
limit | ———| =0, i —] =0, etc.
x-:)t (fz or fy Rriuot faor fs 0 ete (23]

By comparing [27] and [28] evaluated for a simple shear flow, it becomes apparent that
the term — SBqu,¢ GR®? appearing in both P,, and P,,, as given by [27] can arise either
from a;Sd(e;e,;) or from a higher-order term, (e.g. aSd(Pe,/Pt)(Pe,;/Pt)). Consequently,
there are three possible cases:

fR)=O0(R*?)  and  fs(R) = O(R*?),
or J3(R) = O(R") and  fo(R) = O(R¥*),n > 3/2,
or fo(R)=O(R¥*)  and  fe(R) = O(R™,n > 3/2,

of which only the last combination is compatible with condition [29). It foliows, therefore,
that, for k 2 4, £,(R) = O(R"), n > 3/2. Thus, since [27] contains terms which are at most
O(R??), to this order of approximation, [2] reduces to:

Py = —pd;; + aye; + a,(De; /D) + a,Sd(eye;)) + O(GR??), [30]

Of course, there are infinitely many ways of choosing the functional dependence of the
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a’s on the invariants of ¢;; and its time derivatives. By analogy with the results obtained for
suspensions of deformable particles, however, it seems reasonable to assume that, again
to this order of approximation, the remaining coefficients depend on the invariants of e;
only, the invariants of Pe; /2t being at least of order R*. Thus, since ¢;; is proportional to R,
a power of a given invariant of e;; will give rise to a corresponding power of R. For example,
(emerm)*/? will be proportional to R, whereas (e, e,)"/® will be proportional to R'/2,
etc. Thus, by taking into account the fact that the expression derived by Lin et al. is valid
to order (R3/?), we let:

a4 = #0[50 + 51(2elmelm)1/‘ + 62(2elmelm)3/‘ + 53(elmemyeﬂ)l/6 + 64(elmempepl)1/2]s
a = #0/6[55 + 66(zelmelm)1/‘ + 57(elmempepl)“6]f
a3 = po/G[8g + So(2eimeim)'’* + 810(2eimempen)' ],

where the &’s are at most O(1). This particular choice for «,, a,, ¢, was guided by the form
of [27] and by the results of the previous section and, although quite arbitrary, appears
reasonable.

Equation [30] is now evaluated for the shear flow considered by Lin et al. After noting
that R is proportional to G, it is then possible to compare the stress components as pre-
dicted by {27] and [30]. It follows readily that

5o = 21 + $0), 5,=0, & =60pB,(R/GY?, 55 = JoR,
8¢ = 1200B_,(R¥*/G'?),  83=0, &, = —60pBo(R¥?/G'2),

Evidently, the coefficients &,, d,, and J,, cannot be determined, because, for a simple
shear, the product e;,e.,ex is identically zero. However, since the coefficient, §,, of
e;(2eime1m)*'* was found to be zero, it is reasonable to assume that 4, which multiplies
e,/(ermempe )%, Will also vanish.

Therefore, after replacing By, B,, and B_, by their values, we finally obtain as a possible
constitutive equation for a suspension of solid spheres, subjected to small inertial forces,

5 20| ¥ et 2
P, = —pd;; + 2ucey; + @lo {Zeu |:§ + 1:344R%/? (%) + 6,R¥? ( i G’; p!)

1 De,[ 8 2e;mem) ¢ Cimempepi) '
E—@%[ER -— 0'575R3/2 (—G'z—) + 57R3/2 -—-——-—G:
2 1/4 wa 1/6
+ éSd(euelj)[:-O'434R3/2 (—ec';—f'-) + 8,6RY? (”‘—;ﬂ) ] + O(GR”’)}‘

This above development is of interest because it demonstrates how a plausible general
form for the constitutive equation of a given fluid can be inferred from a solution that was
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developed only for very special flow conditions. Of course, as was remarked earlier, the
fact that the above is a particular case of the Rivliin—Ericksen equation does not imply
that this suspension of solid spheres is an anisotropic fluid. Rather, the important point
is that, by taking this somewhat unorthodox approach to the problem, we have been able
to generalize the results given by Lin et al, in a fashion consistent with earlier results
of suspension theory.

CONCLUSION

From this comparison between the continuum and the phenomenological approaches
to non-Newtonian fluid mechanics, it is now possible to draw several conclusions. The
most obvious one perhaps, is that the theory of suspensions allows us to form some judg-
ment regarding the physical significance and potential usefulness of the various phenomeno-
logical constitutive relations. In particular, it has been shown here that Oldroyd’s equations
do not really represent the type of non-Newtonian behavior exhibited by a dilute suspension
of elastic particles. As for the Rivlin—Ericksen equation, it was found to model a dilute
suspension, but only under the quite restrictive condition of weakly time-dependent or
steady flows. This theory thus appears to have some physical basis, but in a rather limited
sense. By contrast, it is very clear that Hand’s theory of anisotropic fluids, or its generaliza-
tion to more complex anisotropics, depicts realistically the properties of those non-
Newtonian fluids which contain some anisotropy on the microscopic scale, and it is
worthwhile to note that the exact analytical treatment of suspensions does yield equations
which are of the very form predicted by Hand. Furthermore, Hand’s relations are not
restricted to truly anisotropic fluids, but are also adequate for substances which become
anisotropic only under motion.

The experience gained through the study of suspensions of deformable particles has thus
provided new information regarding the physical significance of the various phenomeno-
logical equations and of the unknown coefficients they contain. In turn, this new knowledge
has made possible a plausible extension to a general linear shear flow of the stress expression
obtained by Lin ez al. for a dilute suspension of solid spheres, subjected to a simple shearing
motion, in the presence of small inertia forces.

Some further remarks should also be made regarding the choice of the anisotropy tensor,
A;;, in Hand’s theory, since the value of the various coefficients, o, in [8] depends on the
definition of A;;. Thus, if the anisotropy, instead of being described by A;;, is represented
by a tensor Aj;, such that 4;; = yA4;; + x6,;, where x and y are arbitrary scalar quantities,
then the coefficients o; corresponding to [8] with A); replaced by 4;;, are linked to the
o, by means of:

oy = 04/, 64 = [0} — (2x/¥)(0% + 010) + (4x*/yP)ol,]y ™2,
o5 = [0} — (2x/¥)0;,)/y, o5 = 05 — (x/y)0} + (X“/y*)o3,

o5 = oy — 2x/y)os)/y, 0y = 04/,

0y = ay/y?, G10 = (040 = (2x/¥)01,)/¥",

011 = o31/Vh [31]



22 DOMINIQUE BARTHES-BIESEL and ANDREAS ACRIVOS

Table 4. Sign of the coefficients in (8] for suspen-
sions of dropliets and deformable particles.

20 gy A O a,

<0 ag

We recall, now, that in studying the suspensions of deformable particles, the tensor 4;;
was chosen to represent the non-sphericity, i.e. the deviation from isotropy of the particle,
whereas, in the case of solid ellipsoids, 4;; stood for the full tensor defining the ellipsoidal
shape. Therefore, before drawing some global conclusions regarding the phenomenological
coefficients, o,, and in particular their sign, it is necessary to choose a consistent representa-
tion for A;;. Thus, for the suspensions of droplets and, of elastic spheres, the anisotropy
will be represented, respectively, by 4;; = ;; + F;, and by A4;; = §;; + C;; corresponding
to x = 1and y = 1 in [31]. Also the g, in [17] abd [24] should now be read as ;. The new
coeflicients o can then easily be computed from (8], [17] and [24], but their expression is
not given here since it is of rather limited interest. However, it is important to note that their
sign, given in Table 4, will be the same as the sign of the corresponding a}’s.

No conclusion can be drawn for a,, as given by [17], since its sign depends on the value
of the viscosity ratio A In contrast, from a comparison of tables 3 and 4, it can easily be
established that o4, 0,, 64, 0, are all positive or zero, whereas o is negative or zero for
suspensions of rigid or deformable particles alike. This result might be more general and
has some interesting implications.

Unfortunately, it is not possible to draw such a conclusion regarding the coefficients
appearing in Hand’s second equation, since, for an emulsion, their sign depends on the
value of the viscosity ratio. This might be explained by the fact that this equation describes
essentially the motion of an individual particle, which is known to differ in a fundamental
way in the three cases considered. Similarly, although this would be of importance to the
subject of rheology, one cannot draw any conclusions regarding the sign of the ratio
(P;3 — P33)/(P,; — P;,) when the bulk velocity is of the form u; = 6;.x,.
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Sommaire—Les résultats théoriques du domaine de la rhéologie de suspensions sont étudiés dans
le contexte général de mécanique de continuité non-linéaire, afin d’extraire des renseignements
concernant la formulation d’une relation entre le modéles de contrainte phénoménologique et des
fluides non-Newtoniens. Les équations constitutives obtenues pour des suspensions diluées d’ellip-
soides solides, de sphéres élastiques et de gouttelettes liquides sont montrées étre conformes a
un modéle phénoménologique simpie déja proposé par Hand, et qui apparait étre une équation de
fondement physique considérable et d’une utilité indispensable. De plus dans les trois cas ci-dessus,
certains des coefficients de I'équation de Hand conservent le méme signe. Ce résultat est d’applica-
tion plus générale et peut avoir des implications intéressantes.

Auszug—Es werden theoretische Ergebnisse auf dem Gebiet der Suspensionsrheologie im allge-
meinen Zusammenhang nichtlinearer Kontinuummechanik untersucht, um Information in
Bezug auf Bildung eines phinomenologischen Spannungsverhiltnisses zu gewinnen, um nicht-
Newton'sche Fliissigkeiten zu bilden. Es wird gezeigt, daB die grundiegenden Gleichungen, die
fiir verdiinnte Suspensionen fester Ellipsoide, elastischer Kugeln und fliissiger Trépfchen erhalten
wurden, mit cinem einzigen, von Hand zuerst vorgeschlagenen, phinomenologischen Modell
iibereinstimmen, was sich als eine Gleichung mit bedeutender physikalischer Grundlage und
mdoglicher Niitzlichkeit entwickelt. AuBerdem wird gefunden, daB in allen drei obigen Fiilen bes-
timmte Koeffizienten in Hand’s Gleichung das gleiche Zeichen beibehalten. Dieses Ergebnis
konnte allgemeiner zutreffen und méglicherweise interessante Implikationen haben.
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Pealome—PaccMATPHBAIOTCA TEOPETHYECKHE PEIYNLTATH B OGaCTH PCONIOTHH CYCUCH3HM B
CMBIC/IC HEMMHEHHOA MEXAaHHKH CIUIOLIHOM cpeldnl, 4TOOH HOMyYMTh MHPOPMALMIO OTHO-
CHTEIBHO GOPMYMUPOBKH (EHOMEHOIOrHYCCKOr0 HANPAKCHUN OO OTHOWICHHIO K MOIGISM
HEHBIOTOHOBCKHX TCKYYHMX Cpel. YPaBHCHHA MDOJMydYeHHBIC O pa3baBneHHBIX CycueH3ud
CIUIOLIHMX 3/UIMIICOMIOB, I IAaCTHYECKHX Chep H LI Xamanex XUAKOCTH OKa3aloch
COOTBETCTBYIOT OHOZ (CHOMCHOMOTHYOCKOR MoAenH, NOepBOHAYAIBHO MNPELIOKECHHOR
XannoM, KOTOpas ABIACTCA YPABHEHHEM C CYIUCCTBCHHBLIM (PHIHYECKHM OCHOBAHHEM H
OOTCHUMANBHOR NPHEMIEMOCTHI0. KpoMe TOro, BO Beex TPeX CayyasX MPHBEACHHBIX BbILIC
onpeaecicHHbie X0 HLIMEHTH B ypaBHeHUAX XaHNa 0Ka3BhACTCA COXPAHSAIOT OAMH H TOT K&
CHMBOJ1. Pe3y/IbTaThi MOKHO NPHUMCEHATH 6oJice OOUMPHO H OHH HMCEIOT HHTEPECHOS 3HAYCHHUCE.



